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Abstract
We unravel a new mechanism to describe the non-Arrhenius anomalous fast diffusion observed
in the bcc phase of group IIIB and IVB metals from first-principles. The “phonon-assisted” mech-
anism incorporates the anharmonic phonon-phonon coupling effects into the vacancy-mediated
diffusive jump description. We describe the effective jump frequency as the 23L 〈111〉 phonon fre-
quency which coincides with the diffusive jump in the bcc phase of pure metals. We combine ab
initio molecular dynamics with lattice dynamics calculations to perform temperature-dependent
phonon analysis in a temperature range where bcc Ti is stabilized due to entropic effects arising
from anharmonic lattice vibration.
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The underlying reason for the observed “anomalously fast diffusion” in β phase of group
IIIB and IVB metals and their alloys [1–7] has been the subject of investigation. This
anomaly manifests itself as a pronounced upward curvature in the Arrhenius temperature
dependence and has two distinguishable aspects: (i) Experimental measurements indicate
several order of magnitude higher diffusivities in the bcc phase of group IIIB and IVB metals
and their alloys compared to fcc metals and other bcc metals [1–7], and (ii) the strong
deviation from linear Arrhenius behavior is observed at temperatures far below the melting
point. For example, several orders of magnitude enhancement is observed in self-diffusion
of the β-Ti, β-Zr, and β-Hf as the temperature approaches the bcc→hcp transformation
temperature [1–7]. This anomaly is observed in IIIB and IVB metals and their alloys which
undergo an allotropic phase transformation at elevated temperature.
In general, two class of models have been proposed to explain any deviation from Ar-
rhenius behavior. In the first class the contribution from diffusion of more mobile defects,
like divacancies, interstitial-like vacancies or diffusion in high diffusivity paths, in addition
to the monovacancy diffusive jumps is considered [8–11]. Therefore, diffusivity is charac-
terized by a combination of different single Arrhenius terms, each of which corresponds to
a distinct diffusion mechanism. Experimental observation of increased activation volumes
and decreased isotope effects [12, 13] indicate that this model can explain non-Arrhenius
diffusion in fcc metals that is only observed at temperatures near melting point and has been
mostly associated with combined vacancy mechanisms, e.g., increased number of divacan-
cies. However, mounting experimental evidence based on isotope effect measurements and
neutron scattering in β phase of group IIIB and IVB metals confirms that the monovacancy
mechanism is the predominant diffusion mechanism [2–4, 6, 14, 15], and thus precludes a
combined vacancy mechanism as a plausible explanation for the anomalous fast diffusion.
Experimental evidence does not support other mechanisms, such as vacancy concentration
enhancement due to oxygen impurity-vacancy binding [16] or diffusion along high diffusivity
paths (e.g., dislocations and grain boundaries) [16].
The second class of models considers the contribution of lattice vibration effects to mono-
vacancy mechanism in order to explain enhanced diffusivity [16–22]. Therefore, the cur-
vature in the Arrhenius temperature dependence is described by a single Arrhenius term
with temperature-dependent preexponential factor and activation energy. Sanchez and de
Fontaine proposed a model which correlates the diffusive jumps in β-Zr to the formation of
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the metastable ω phase [18, 19]. They assumed that the migration free energy is equal to the
free energy formation of the metastable ω phase and the effective jump frequency is equal to
the Debye frequency. Herzig and co-workers corresponded the observed anomalous fast self-
diffusion to the softening of the LA 2
3
〈111〉 phonon mode [16, 20, 21] where the low-frequency
large-amplitude vibration results in heterophase fluctuations between bcc and ω phase [16].
They supported their explaination by two sets of experimental observations. (i) Diffusivity
is further enhanced by moving from group VIB to IVB and by moving to larger atomic
number in each group, where the phonon softening effect increases, with highest measured
diffusivities for bcc Hf and lowest for bcc Cr (and all other diffusivities lie in between these
two limits) [16]. (ii) Alloying of Sc into β-Zr enhances the fast diffusion more strongly than
alloying with Ti due to the stronger phonon softening observed in IIIB metals compared to
IVB (see Fig. 14 of Ref. [16]). Recently, Sangiovanni et al. [23] proposed a highly concerted
stringlike diffusion mechanism based on brute-force atomistic simulations to explain the high
diffusivity in bcc Ti. This type of collective mechanism is mostly reported in supercooled
liquids and super-ionic conductors [24–28] and has been recently predicted for bcc iron at
extreme conditions [29].
Our findings unravel a new mechanism to account for the anomalously fast diffusion
in bcc Ti, hereafter referred to as the “phonon-assisted” vacancy mechanism, in which a
vacancy-mediated jump is promoted by the anharmonic phonon-phonon coupling effects.
More specifically, we have previously shown that for bcc phase of Ti (which is mechanically
unstable), temperature-induced dynamical stabilization results in hopping of the system
among local distortions of the lattice (i.e., local minima) in a way that the average atomic
positions stay at bcc [30, 31]. These local minima are located along the trigonal path associ-
ated with the longitudinal L2
3
〈111〉 phonon mode [30, 31]. This dynamical hopping promotes
the vacancy jump along 1
2
〈111〉 nearest neighbor direction, which is the predominant diffu-
sive jump mechanism in the bcc metals and coincides with the distortion towards the local
minima. Our a priori prediction is validated with available experimental diffusivity mea-
surements. On the other hand, we indicate that predicting diffusivity by a standard model
based on harmonic lattice vibrations severely under-predicts this diffusivity. This further
illustrates the significant role of anharmonic lattice vibration interactions in enhancing the
diffusivity.
The macroscopic diffusivity D, for a vacancy-mediated diffusion can be described in terms
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of microscopic parameters, namely the atomic jump distance and jump frequency, as the
following,
D = αCva
2Γ (1)
where α is a geometrical factor depending on the crystal space group (α = 8/6 for bcc), a
is the vacancy jump distance (a =
√
3/2a0 for bcc lattice where a0 is the equilibrium lattice
parameter), Cv is the equilibrium vacancy concentration, and Γ is the successful vacancy
jump frequency [32]. Within the transition state theory [33–36], the defect jump frequency
is expressed as Γ = ν∗ exp(−∆Hm/kBT ) where ∆Hm is the migration enthalpy. kB is the
Boltzmann’s constant and T denotes temperature. ν∗ is the effective jump frequency from
the initial state to the final state, which encompasses all vibrational effects in the diffusion
process. Within the harmonic transition state theory, ν∗ is expressed as the ratio of the
product of normal vibration frequencies of the initial state to that of the non-imaginary
normal frequencies of the transition state, ν∗ =
∏3N
i=1 νi∏3N−1
i=1 ν
′
i
where ν and ν ′ are the frequencies
for the initial and transition configurations, respectively, for a system of N atoms. The equi-
librium monovacancy concentration, Cv, is calculated according to Cv = exp(−∆Hv−T∆SvkBT ),
where ∆Hv and ∆Sv are enthalpy and entropy of monovacancy formation, respectively. It is
common to defined an activation enthalpy, ∆Ha that consists of vacancy formation and va-
cancy migration enthalpy. The formation enthalpy and entropy are calculated according to
∆Hv = E
tot(N −1)− N−1
N
Etot(N) and ∆Sv = S
tot(N −1)− N−1
N
Stot(N), respectively, where
N is the number of atoms in the supercell. Etot(N − 1) and Etot(N) are the total energy
for bcc with a monovacancy and bulk bcc, respectively. Similarly, Stot(N − 1) and Stot(N)
are the vibrational entropy for bcc with a monovacancy and bulk bcc, respectively. The
vibration entropy for each system is obtained from Svib = −kB
∫∞
0
ln
[
2 sinh( h¯ω
2kBT
)
]
g(ω)dω,
where ω is the vibration frequency and g(ω) is phonon density of state (DOS).
The bcc phase in transition metals of group III and IV exhibits harmonic phonon in-
stabilities and therefore zero-temperature phonon frequencies include imaginary results (see
Fig. 1). This inhibits the calculation of diffusivity according to harmonic phonon analysis.
More specifically, ν and ν ′ consist of imaginary values and Stot cannot be obtained based
on phonon frequencies and DOS. As illustrated in Fig. 1, the standard zero-temperature
harmonic phonon dispersion for the bcc phase of Ti with a monovacancy exhibit phonon
instabilities, thus necessitating to include anharmonic phonon-phonon interactions in the
lattice dynamic description.
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However, the bcc phase in group III and IV metals is stabilized at high enough tempera-
ture due to the entropic stabilization of the system arising from large amplitude anharmonic
hopping among local distortions [30, 31, 37–51]. We utilize two different variations of
the self-consistent harmonic approximation (SCHA) approach, namely the self-consistent ab
initio lattice dynamics (SCAILD) [52–54] method and the temperature dependent effective
potential (TDEP) method [55, 56], to obtain the temperature-dependent phonon dispersion
and density of states for bcc Ti. Within the SCHA approach, all anharmonic vibration
effects will be effectively described by the best temperature-dependent harmonic fit to the
anharmonic crystal potential. The SCAILD method iteratively converges the phonon fre-
quencies at different temperatures accounting for anharmonic effects [52–54]. In TDEP,
temperature-dependent force-constant tensor is obtained by minimizing the difference be-
tween ab initio molecular dynamics (AIMD) forces and forces described in the harmonic
approximation [55, 56] (for more details on calculation of anharmonic phonon dispersion
and DOS, see Supplemental Materials).
We used SCAILD method [53] to perform anharmonic phonon analysis for bulk defect-
free bcc Ti at temperatures above the allotropic hcp→bcc transformation temperature.
Fig. 2 compares the phonon dispersion of bulk bcc Ti at zero temperature, where phonon
instabilities are depicted as negative frequencies, with dispersion curves at 1300K, 1400K
and 1600K, where the bcc phase is stabilized. The finite-temperature phonon dispersions
indicate no imaginary phonon frequencies, as expected due to dynamical stabilization of the
phase (see Supplemental Materials Fig. S1 for iterative evolution of the finite-temperature
phonon dispersion obtained by the SCAILD method). As illustrated in Fig. 2(b)-(d), there
is a negative dip close to ξ = 2
3
on the L 〈ξξξ〉 phonon branch, which is indicative of
phonon softening effects. However, the observed negative dip shifts towards the H point as
temperature goes up and eventually disappears at 1600 K (see Fig 2(b)-(d)), which illustrates
the increasing stabilizing effect of phonon-phonon coupling as temperature goes up. This
kind of shifting in the negative dip in the phonon dispersion has been also reported for
deformation-dependent phonon dispersion in Ni2MnGa, where the pressure-induced phonon-
strain coupling effects intensify the phonon softening effect [57].
The 2
3
L 〈111〉 phonon mode (depicted as the dashed line in Fig. 2(d)) corresponds to
the trigonal distortion in which two neighboring (111) planes move towards each other,
whereas every third plane stays at rest. The collapse of the two planes results in the ω
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phase (see Fig 2(e)). This atomic distortion coincides with the vacancy jump direction for
the bcc phase. Accordingly, we assume that the effective jump frequency, ν∗(T), is equal to
the temperature-dependent frequency of the L2
3
〈111〉 phonon mode for the bulk bcc phase
(ν∗(T) for each temperature is illustrated as a star mark in Fig. 2(d)). The reason we
shift the 2
3
L 〈111〉 phonon frequency towards the H point (to the left of the dashed line in
Fig. 2(d)) is that while the phonon frequencies incorporate the anharmonic interactions in
the SCAILD method, the eigenvectors of the harmonic dynamical matrix are not optimized
accordingly. This approach has been taken in SCAILD to ensure that the longitudinal
and transverse modes are fixed to the modes of the bcc lattice [53] (while the system is
dynamically hopping around distortions of the lattice [30, 31]). Therefore, the lowest dip
on the L〈111〉 phonon is exactly located at ξ = 2
3
at T=0 K (see Fig. 2(a)), however, it is
gradually shifted towards H at T=1300 K and T=1400 K (compare Fig. 2(a-c)). Therefore,
the anharmonic phonon frequency corresponding to the harmonic eigenvector of ξ = 2
3
(see
Fig. 2(e)) is shifted towards H. We use a linear interpolation to derive the relation between
the shift magnitude along the P-H branch and temperature by locating the displacement of
the negative dip.
The successful jump frequency, Γ, can then be obtained given the anharmonic effective fre-
quency and activation enthalpy. We obtain the migration enthalpy, ∆Hm, to be 0.21+(0.05)
eV, the DFT total energy difference between the transition state and the initial state, as rep-
resented in Fig. 1(c)-(d). The value in parenthesis is the “internal surface” energy correction
term adapted from Ref. [58], accounting for the underestimation of DFT for internal surface
formation energy. We calculate the vacancy formation enthalpy to be 1.345+(0.15) eV, the
DFT total energy difference between bulk bcc Ti and the bcc phase including a monovacancy
(see Fig. 3 caption), modified by the internal surface energy term (presented in parenthe-
sis) [58]. Vacancy formation entropy is obtained by comparing the temperature-dependent
phonon dispersion and DOS change due to formation of a vacancy, as shown in Fig 3 for
T=1300 K. The temperature-dependent phonon dispersion and DOS presented in Fig. 3 are
obtained using the TDEP method [55, 56]. The formation of a vacancy results in local dis-
persion of optical phonon branch as it removes the periodicity of the crystal structure. The
vacancy causes the sharp peak in the phonon density of state to broaden due to existence of
several localized modes at higher frequencies. Note that the vibration entropy for the bulk
and defected systems are obtained from Svib = −kB
∫∞
0
ln
[
2 sinh( h¯ω(T )
2kBT
)
]
g(ω(T ))dω, where
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the phonon frequencies and density of states are temperature dependent. Formation entropy
at 1400 K and 1600 K is calculated in the same manner (see Supplemental Materials Fig. S2
for anharmonic phonon density of states at different temperatures).
All the parameters needed for diffusivity calculation in Eq. 1 are obtained and the diffu-
sivity can be calculated accordingly:
D =αa2CvΓ
=αa2ν∗(T ) exp(
−∆Hm −∆Hv
kBT
) exp(
−∆Sv(T )
kB
) (2)
Note that ν∗(T ) and Sv(T ) are temperature-dependent values obtained from anharmonic
phonon analysis. The predicted diffusivity for bcc Ti alongside the parameters used in Eq. 2
are presented in Fig. 4. The blue curve in Fig. 4 is the diffusivity prediction by including the
anharmonic lattice vibration effects, which agrees well with experimental measurements of
Ref. [16]. In order to understand the role of anharmonic lattice vibration on diffusivity, we
also calculated the diffusion coefficient according to a standard harmonic phonon analysis.
We neglect the imaginary frequencies arising from harmonic instabilities in obtaining the
harmonic approximation of vacancy formation entropy (see Supplemental Materials Fig. S3
for comparison of vacancy formation entropy and concentration with and without anhar-
monic effects). We use ν1 ×
∏
i νi∏
i ν
′
i
for ν∗ in Eq. 2 (which is T-independent in this case) by
excluding imaginary ν and ν ′ frequencies, and ν1 is the most unstable phonon frequency for
the transition state (square root of the most negative eigenvalue of the dynamical matrix for
the transition state presented in Fig. 1(d)). The diffusivity prediction based on harmonic
phonon analysis underestimates the diffusion coefficient by several orders of magnitude (see
the green curve in Fig. 4). Note that the migration and formation enthalpies used in both
the proposed approach based on anharmonic phonon analysis and the harmonic model are
the same, which illustrates the significant role of anharmonic lattice vibrations in predicting
diffusivity in the bcc phase of Ti.
The liquid-like collective diffusion mechanism proposed in Ref. [23], which is mostly
observed in supercooled liquids and amorphous solids [24–28], is demonstrated in AIMD
simulations at 0.93Tm, close to the melting point. Additionally, it is stated in Ref. [23]
that the modified embedded-atom method (MEAM) used in their classical MD simulations
cannot detect the unstable phonon mode along the bcc→ ω distortion, which might raise
the question on whether the softening of restoring forces along vacancy jumps (which oc-
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curs even above the bcc→ ω transition temperature illustrated as a negative dip along the
Γ-H phonon branch in Fig 2) can be effectively demonstrated in their classical MD simu-
lations. We believe that while the phonon-assisted vacancy mechanism is predominant in
bcc IVB elemental metals (as supported by direct experimental determination of the mech-
anism [2–4, 6]), the liquid-like collective mechanism will start to contribute to the diffusivity
as temperature gets closer to the melting point and the system starts to transform to the
liquid phase. This perception is supported in Ref. [23], as they describe the diffusivity
consisting of two terms, one associated with the defect-mediated mechanism and the other
associated with the collective mechanism.
We performed first-principles calculations in the framework of density-functional theory
(DFT) [59, 60], by using the Vienna Ab-initio Simulation Package (VASP) [61–64]. The ion-
electron interaction is described by the projector augmented wave (PAW) method [65, 66],
with energy cutoff of 178.4 eV. The generalized gradient approximation (GGA) [67], as im-
plemented in the VASP code [63, 64], is used with the Perdew-Burke-Ernzerhof (PBE) [68]
exchange-correlation functional. Ab initio molecular dynamics (AIMD) simulations are
performed at constant temperature under the Nose–Hoover thermostat formalism [69–73].
AIMD forces are captured every 50 steps (each 100 fsec) in a trajectory with sufficient
number of steps to ensure an accuracy of 1 meV/atom in the calculated vibration entropy.
Phonon dispersion calculation are performed using the Phonopy code [74]. The anharmonic
phonon analysis for the bulk and defected bcc Ti is calculated using the SCAILD [53, 54]
and TDEP [55, 56] methods, respectively. For the SCAILD method, the finite tempera-
ture phonon dispersion are obtained using the SCPH code [53]. For the TDEP method, the
temperature-dependent force constant tensor is obtained by least square fitting of AIMD
forces and displacements using our in-house code. All bulk bcc titanium calculations are
performed on a 4×4×4 supercell of bcc including 64 atoms, whereas defected bcc calculation
are performed on a 4× 4× 4 supercell of bcc including 63 atoms and a monovacancy.
In summary, we predict the diffusivity of the bcc phase of Ti by simply including
temperature-induced anharmonic phonon-phonon coupling effects within vacancy-mediated
diffusive jump description. Our predictions is in good agreement with experimental mea-
surements while disregarding the anharmonic vibration effects results in underestimation of
diffusivity by orders of magnitude. The introduced approach can be generally used for diffu-
sion description of phases with phonon instability effects, including the bcc phase of group
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IIIB and IVB metals. The computation cost of the introduced methodology is minimal, only
requiring anharmonic phonon analysis of two systems (a bulk phase and a small supercell
including a vacancy) at each temperature.
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Supplemental material
Phonon-assisted diffusion in bcc phase of titanium from
first-principles
CALCULATION OF TEMPERATURE-DEPENDENT PHONON DISPERSION
AND DENSITY OF STATES
Within the harmonic approximation, the Hamiltonian of the system is described as the
following, for a system of N particles
H = 1
2
N∑
i=1
3∑
α=1
[√
Miu˙iα
]2
+
1
2
N∑
i,j
3∑
α,β
√
Miuiα
Φα,βi,j√
MiMj
√
Mjujβ (S1)
where uiα is the displacement of atom i in the α direction, Mi is the mass of atom i and Φ
is the 3N × 3N force-constant matrix. Diagonalizing the dynamical matrix Φ
α,β
i,j√
MiMj
as
N∑
j
3∑
β
Φα,βi,j√
MiMj
jβµ = ω
2
µ
iα
µ (S2)
results in obtaining the phonon frequencies, ωµ and eigenvectors, 
iα
µ . If the force-constant
matrix is not positive-definite, some of the frequencies have imaginary values. We utilized
two variations of the self-consistent harmonic approximation (SCHA), which describe a
harmonic model that minimizes the free energy rather than potential energy, which are
significantly different in cases where harmonic phonon instabilities exist.
The self-consistent ab initio lattice dynamics (SCAILD) method calculates atomic dis-
placements based on an initial guess phonon dispersion and accordingly update the forces
from first-principles calculation. A new set of phonon frequencies are obtained from fourier
transform of the updated atomic forces. This process is performed in a self-consistent ap-
proach until the vibrational free energy is converged. Fig. S1(a) illustrates this iterative
process performed on a 4 × 4 × 4 supercell of bcc Ti including 64 atoms. The ab initio
calculations are performed using the density functional theory framework as implemented
in VASP. The most green dispersion curve in Fig. S1(a) corresponds to the harmonic disper-
sion or zero-temperature dispersion. The evolution of the phonon dispersion that includes
the temperature-induced anharmonic effects is presented by smoothly varying the color of
1
the curve from green to yellow. The final iterative dispersion curves indicate no negative
(imaginary) phonon frequencies as expected.
In the temperature-dependent effective potential (TDEP) method, the temperature-
dependent force-constant, Φ˜(T ), is obtained by minimizing the difference between ab initio
molecular dynamics (AIMD) forces and forces described in the harmonic approximation
according to the following equation.
min
1
Nt
Nt∑
t=1
‖FAIMDt − FHt ‖ = min
Φ˜(T )
1
Nt
Nt∑
t=1
‖FAIMDt − Φ˜(T )UAIMDt ‖ (S3)
where {FAIMDt , UAIMDt } are the set of AIMD forces and displacements obtained from the
AIMD trajectory of length Nt. We performed AIMD simulations for each temperature us-
ing an NVT ensemble under the Nose–Hoover thermostat formalism and captured forces
every 50 steps (each 100 fsec) in a trajectory with sufficient number of steps to ensure
an accuracy of 1 meV/atom in the calculated vibration entropy. Fig. S1(b) illustrates the
anharmonic phonon dispersion for bcc Ti at 1300 K, obtained using the TDEP method.
The slight difference between the dispersion curves obtained from SCAILD and TDEP
stems from the different approach taken in these methods to optimize the effective har-
monic model to the Hamiltonian in Eq. S1. In SCAILD, the iterative steps are taken in the
frequency-polarization space (the Fourier transformed of time-space pair) by assuming that
the polarization vectors are constant and only phonon frequencies are optimized (see Eq. S2).
However, in TDEP the polarization vectors are optimized according to temperature-induced
effects when the force-constant tensor in Eq. S1 is fitted to AIMD forces and displacements.
Fig. S2 shows the anharmonic phonon density of states for both the bulk phase and
the bcc phase including a monovacancy obtained by using the TDEP method at different
temperatures. Creating a vacancy in the supercell removes its periodicity and results in local
dispersion of optical modes with high frequency. In addition, it results in larger number of
internal degrees of freedom (in this 64 − 3 = 189), which is the area under the density of
states.
2
CALCULATION OF VACANCY FORMATION ENTROPY AND EQUILIBRIUM
MONOVACANCY CONCENTRATION AS A FUNCTION OF TEMPERATURE
The vacancy formation entropy is calculated at each temperature according to the fol-
lowing equation:
∆Sv = S
tot(N − 1)− N − 1
N
Stot(N), (S4)
where N is the number of atoms in the supercell and Stot(N − 1) and Stot(N) are the
vibrational entropy for bcc with a monovacancy and bulk bcc, respectively. The vibrational
entropy is calculated given the anharmonic and temperature-dependent phonon frequencies
and density of states according to the following equation:
Svib = −kB
∫ ∞
0
ln
[
2 sinh(
h¯ω(T )
2kBT
)
]
g(ω(T ))dω, (S5)
where ω(T ) and g(ω(T )) are temperature-dependent phonon frequencies and density of
states, respectively (see Fig.S2). The vacancy formation entropy at different temperature is
shown in Fig. S3. The equilibrium monovacancy concentration, Cv, is calculated according
to
Cv = exp(−∆Hv
kBT
) exp(
∆Sv
kB
), (S6)
where ∆Hv and ∆Sv are enthalpy and entropy of monovacancy formation, respectively. The
enthalpy of vacancy formation is obtained from ∆Hv = E
tot(N − 1) − N−1
N
Etot(N) where
Etot(N − 1) and Etot(N) are the total energy for bcc with a monovacancy and bulk bcc,
respectively. Our DFT calculations for Etot(N − 1) and Etot(N) performed at the equilib-
rium lattice parameter of a0 = 3.24A˚ is equal to -479.634 eV and -488.614 eV, respectively.
Details of our DFT calculations are presented in the main article. The monovacancy con-
centration obtained according to the anharmonic phonon analysis is presented in Fig. S3.
We also have presented the vacancy formation entropy and concentration for the case where
the harmonic phonon analysis is used (and existing imaginary phonon frequencies and DOS
are ignored). As illustrated in Fig. S3, in the harmonic approximation the formation en-
tropy is independent of temperature, since it is obtained based on temperature-independent
phonon frequencies and DOS at 0 K. The vacancy concentration is lower in case of harmonic
approximation, implying that anharmonic phonon interactions promote vacancy formation.
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FIG. 1. DFT harmonic phonon dispersion and density of states (DOS) for a 4 × 4 × 4 supercell
of bcc titanium including 63 atoms and a monovacancy a) at the bcc site, and b) migrated half
way to the nearest neighbor bcc site. Phonon instabilities are depicted as negative frequencies in
the dispersion curves. The atomic configuration for the initial and intermediate states of vacancy
diffusion are illustrated in c) and d), respectively. The conventional supercell is presented for
visualization simplicity.
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FIG. 2. Phonon dispersion for bulk defect-free bcc phase of titanium at a) 0 K, b) 1300 K, and c)
1400 K. d) The longitudinal phonon branch along the [ξξξ] reduced wave vector (between H and P
high-symmetry points) at 1300K, 1400K, and 1600K. The star marks in (d) represent the shift of
the observed negative dip towards the H point. e) The trigonal distortion of (111) atomic planes
along the [111] direction associated with the eigenvector of ξ = 23 phonon mode along the Γ-P-H
branch. A complete collapse of atomic planes 1 and 3 results in the hexagonal ω phase.
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FIG. 3. The anharmonic phonon dispersion and density of states (DOS) of a) bulk bcc Ti and b)
bcc Ti with a monovacancy at 1300 K. The total calculated DFT energies are -488.614 eV and
-479.634 eV for the bulk supercell of 64 atoms and the supercell with 63 atoms and a monovacancy,
respectively.
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